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SOME PROPERTIES OF A CLASS OF ANALYTIC FUNCTIONS 
DEFINED BY GENERALIZED STRUVE FUNCTIONS 


MOHSAN RAZA'^ AND NIHAT YAGMUR^ 

Abstract. The aim of this paper is to define a new operator by using the 
generalized Struve functions with k = p+ (b + 2) /2 ^ 

0, —1, —2,... and b,c,k G C. By using this operator we define a subclass of 
analytic functions. We discuss some properties of this class such as inclusion 
problems, radius problems and some other interesting properties related with 
this operator. 


1. Introduction 

Let A be the class of functions / of the form 

OO 

f (z) = z+ (1.1) 

n=2 

which are analytic in the open unit disk E = {z : \z\ < 1}. A function / is said to 
be subordinate to a function g written as f -< g, if there exists a Schwarz function 
w with tp (0) = 0 and |tp (.s)| < 1 such that f (z) = g {w (z)). In particular if g is 
univalent in E, then / (0) = g (0) and / (E) C g {E). 

For any two analytic functions / {z) and g {z) with 

CO OO 

f (^) = and g {z) = z e E, 

n=0 n=0 

the convolution (Hadamard product) is given by 

OO 

(/ * * g) (z) = Y^bnCnZ''^^, Ze E. 

n=0 

Consider the second order inhomogeneous differential equation, for some details 
see [16], 

z'^w" {z) + zw' {z) + {z‘^ - p^) w {z) = + 1/2) ' 

The solution of the homogeneous part is Bessel functions of order p, where p is 
real or complex number. The particular solution of the inhomogenious equation 
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defined in (1.2) is called the strnve function of order p. It is defined as 

(- 1 )" 




„-r(n + 3/2)r(p + n + 3/2) 


(1.3) 


4(^/2) 


P+1 


(1.4) 


Now we consider the differential equation 

(.) + .w' (z) - {z^ + +) w (z) = (J, ^ 1 / 2 , 

The equation (1.4)differs from the equation (1.2) in the coefficients of w {z). Its 
particular solution is called the modihed strnve functions of order p and is given 
as 

°° /'^/9'|2n+p+l 

L. (z) = (iz) = Y'—, -+++-rr- 

' '' ' ^r(n + 3/2)r(p + n + 3/2) 

Again consider the second order inhomogenous differential equation 

4(^/ 2 )^+^ 


z'^w" {z) + bzw' {z) + [cz'^ — p'^ + {1 — b) p]w {z) = 


(1.5) 


i/ir (p + b/2) ’ 

where b,c,p G C. The equation (1.5) generalizes the equation (1.2) and (1.4) . In 
particular for 6 = 1 , c = 1 , we obtain ( 1 . 2 ) and for 6 = 1 , c = — 1 , we obtain 
(1.4) . Its particular solution has the series form 

.l)n^n(^/2)2ri+P+l 


^p,b,c (^) ~ 'y ^ 


(n + 3/2) T (p + n + (6 + 2) /2) 


( 1 . 6 ) 


n=0 


and is called the generalized strnve function of order p. This series is convergent 
every where but not univalent in the open unit disk E. We take the transformation 

N. 1,0 (z) = 2>'0Fr (p + (b + 2) /2) (^) = ^ 7 ) )/ • 

where k = p +(6 + 2 ) /2 ^ 0 , - 1 , - 2 ,... and ( 7 )^ = = 7 (7 + 1 )... (7 + n - 

This function is analytic in the whole complex plane and satishes the differential 
equation 

Az'^w" {z) + 2 (2p + 6 + 3) zw' {z) + [cz + 2p + b]w {z) = 2p + 6 . 


Some geometric properties such as univalency, starlikeness, convexity, close-to- 
convexity of the function Np^b,c (z) has been studied recently by Orhan and Yag- 
mur [10] and Yagmur and Orhan [14, 15]. 

Dziok and Srivastava [3, 4] dehned the linear operator H by using the gener¬ 
alized hypergeometric functions and is given as H (ai,... Ois] (3i, ... (3g) : A ^ A 
with CKj G C (i = 1, 2,..., s) and (3^ G C\Z7 {i = 1,2,... ,q) such that 


H {ai,... as] /?!,... /3g) f {z) = z^Fg (ai ,... a^; ... (3g, z) * f (z), 

where 

,F, (ai,... a.; /^i,... /3,; z) ''' [“‘I" / . s < «+l; s.« € N„ = Nu{0} 
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is the generalized hypergeometric function. Deniz [2] use similar argument to 
dehne a convolution operator \ A ^ Ahy using generalized Bessel functions 
and is given as 

Blf (z) = {z)*f (z) = = p + ^ Z„-, c e C 


where 


^k,c {z)= z+ 


-c/4)” z 


n ^n+1 


n=l 


{k)^n\ 


For some refrences for convolution operators see [11, 12, 13]. 

Now using (1.7) , we dehne the following convolution operator. Let 

°° IAX"- ^n+l 

^p,b,c (^) = 2^\/^r {p+{b + 2) /2) {Vz) =Z + ^ 


Then 


b + 2 


oo / /A\^ n+1 / 

Slf(z) = <p,,,,e(z)»/(z) = 2+^— ‘(3/2)°’(lf - ^ ^a<b,c,p e 


( 1 , 8 ) 

(1.9) 


It can easily be seen that 

^ (SUJ (z))' ^ kSlf (z)-(k-l) St^J (z). 

Special cases 

(i) For 6=1, c = 1, we have the operator Sp \ A ^ A related with struve 
function of order p. It is given as 

^pf {z) = ^p,i,i {z) *f{z)= [2P^r {p + 3/2) (v^)] * / {z) 

.{-1/A)'' ttn+lZ^^^ 


= z 


E 


= (3/2)„ (p + 3/2). 
and the recursive relation 


z [Sp+if {z)/ = {p + 3/2) Spf {z) -{p + 1/2) Sp+if {z) 

holds. 

(ii) For 6=1, c=—1, we obtain the operator &p ■. A ^ A related with 
modihed struve function of order p. It is given as 

©p/ (z) = ‘fip,i,-i (z) *f(z)= [2P0rF (p + 3/2) Mp^i_i (^/i)] * / (z) 

_ (1/4)" an+iz”'~^^ 

- ^ ^ (3/2) Jp + 3/2)„ 

and the recursive relation 

z [Gp+if (^)]' = (p + 3/2) Gpf (z) -{p + 1/2) &p+if (z) 

holds. 

We dehne the following class of analytic functions by using the operator S/.f (z). 
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Definition 1.1. Let f G A. Then / G (A,/x, (/>) for 0 < /i < 1, A G C,/c = 
p + (6 + 2) /2 7 ^ 0, —1, —2, ... ,b,c,p E C, and |q!| < if and only if 


(1 + A) 


" _ A- 


where (j) {z) is a convex nnivalent fnnction with 0 ( 0 ) = 1 . 


-< cos acf) (z) + i sin a, 

( 1 . 10 ) 


(i) For (j) (z) = —l<B<A<l,we have the class (A,/r, , 

which 

consists of fnnctions / snch that 


J {a,c,k,f{z)) -< 


1 + 

1 + Bz' 


where 


J {a,c,k,f{z)) 
1 


COSO 


(1 + A) 


(^) 


(z) 




i sin a 


(ii) For (j) {z) = we have the class (A, /r, . That is / G (A, /r, 1^) 

J {a,c,kj{z)) ^ 

-L Z 

Since it is well known that for a fnnction p{z) -< then Rep {z) > 0. This 
implies that / G (A,/i, if 

Re J {a, c, k, f (z)) > 0. 

Lemma 1.2. [8] Let F be analytic and convex in E. If f, g E A and f, g -< 
F. Then 

a/ + (1 — cr) p -< F, 0 < (T < 1. 

Lemma 1.3. [5] Let h be convex in E with h{0) = a and ft E C such that 
Re/S > 0. If p E H [a, n] and 

, , zp'(z) , , , 

Pi^) + ^h{z), 


/S 


then p{z) -< q{z) -< h {z ), where 




and q {z) is the best dominant. 
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Lemma 1.4. [1], Let a, b and c ^ 0, —1, —2 ... be complex numbers. Then, for 
Re c > Re & > 0 


(i) 2-^1 {a, b, c; z) 

(ii) 2^1 {a, b, c; z) 
(in) 2 F 1 (a, b, c; z) 


rfc) 


^ '"dt, 


T{c-b)T{b)J 

0 

2 F 1 {b, a, c; z ), 


(1 - z) 2 F 1 a, c- 6, c; 


z-l 


Lemma 1.5. [7] Let —l<Bi<B 2 <A 2 <Ai< 1. Then 

1 -\- A 2 Z 1 -|- A^z 

- < - . 

1 -|- B 2 Z 1 -|- B\Z 


Lemma 1.6. [9] Let the function g{z) be analytic and univalent in E and let 
the functions 6{w) and (p{w) be analytic in a domain D containing g{E), with 
6{w) 7 ^ 0 (w e g{E)). Set 

Q(z) = zg'(z)(p(g(z)) and h{z) = 9{g{z)) + Q{z) and suppose that 
(i) Q{z)is univalently starlike in E 

0 (,z e E). Ifq{z) is analytic in E withq{0) 

g{0), q{E) C D and 

0{q{z)) + zq'{z)ip{q{z)) -< 9{g{z)) + zg'{z)ip{g{z)) = h{z) {z G E), 


then q{z) -< g{z) {z G E) and g{z) is the best dominant. 


2. Main results 

Theorem 2.1. Let f G (A, /i, cf). Then for Re^ > 0, 


fik 


fik 


r, COS, az A I + z sin a-< (cos a) 0 ( 2 ;)sina. 

^k+iJ (^) ! A 


This result is the best possible. 
Proof. Consider 

1 


p{z) = 


COSO 


Sl+J (^) 


— i sin a 


Then p is analytic in E with p(0) = 1. Therefore, we have 


= (cos a) p{z) + i sin a. 


(z) 


Differentiating both sides and using (1.9) and simplifying, we obtain 


A (cos a) zp' (z) 
fik 


= \F 


Slf {z) 


Sl^J{z)J Sl^J{z) \S^,^Jiz) 


( 2 . 1 ) 
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It follows from above equation and (2.1) that 


P (z) + ^zp (z) 


(1 + A) 


cos a 


Since / e (A,/i, 0), therefore 


SUiz 




I sm a 


A 


P {z) + —zp' {z) -<(j){z). 

Now using Lemma 1.3 for (5 = ^ with Re^ > 0, we obtain the required result. 

□ 


Corollary 2.2. Let f G (A, /i, ■ Then for k, X eM and ^ > 0, 




-< h {z) cos a + i sin a, 


where 

h{z) = 
Further 


i + (l-|)(l + B^)-' 2Fi(l.l,f+ l;Tffc), B#0, 

l + '8 = 0. 


Re e*“ 


> (cos a) h (— 1 ). 


Proof. Since / G (A,/i, , therefore from Theorem 2.1, we have 


jJjk . . _ hJi f ^ /ifc 2 


suJiOJ 1 + Bt 

0 

Putting t = zu and after simple calculations, one can get 

1 


t >' dt + i sin a. 


( 2 , 2 ) 


SUf (^) 


A pk f A 


B A 


B 


— + ^(l ——) / (1 + Buz) ^ uA ^dt V cos a+i sin a. 


Now using Lemma 1.4 for a = 1, b = c = b + 1 and R 7 ^ 0, we obtain 


S^,^J{z) 






COSO + isino. 
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For the case i? = 0. It can easily be followed from (2.2) that 


(^) 


-< 


lik 

T 


flK -| I 

(1 + Atz) dt cos a + i sin a. 


/ifc 

T 

^ IlH- 




^dt \ + / Azt"^ dt )■ cosa + isina. 


Ilk 


0 

fik 


fik + X 


Az > cos a + isina. 


Now we have to prove that Re o ■ ^ 

can have this relation by using subordination 


> (cos a) h (—1). From (2.2) , we 


cos a i \S^,J{z) 


— 7 sin a > = h{w (z )), 


where h {z) = ^z ^dt. Therefore 


Re 


cos a i V‘^fc+i/(^) 


= Re 


fik /” 1 + Atw (z) 
X J 1 + Btw {z) 


t >' dt 


> 


fik /* 1 — At fj-k ^ 


A / 1- Bt 


t >' dt 


= h{-l). 


To show that this result is sharp, we have to prove that inf {Re h{z)} = h (—1). 

p|<i 

Now 


^ s uk f i^k A — Atr 

Reh{z)> ^ / t--^- -— 

^ ^ - X l-Btr 


dt = h (—r) 


Therefore h (—r) A h (—1) as r —)■ 1' 


□ 


Theorem 2.3. Let -< 0 ( 2 ;) cosa + isino with(j){z) = Then 


f G (A, yii, 0 (z)) for \z\ = r < —c + y/c^ + 1, where c = ^ 


Proof. Let 




= p (z) cos a + i sin a, 
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where p {z) -< Then from Theorem 2.1, we have 


P (z) + ^zp {z) 


(1 + A) 


cos a 


" _ A- 


i sm a 


Since p {z) -< then it is well known that see [6] 


^ < Rep(.) < |p(.)| < and \zp'(z)\< ( 2 , 3 ) 


1 + r 
Thus, we have 
1 


1 — r 


1 — 


Re 


cos a 

> Rep (z) — 


(1 + A) 


(z) 


" _ S^J (z) 




zsma 


A 


pk 


\zp' {z)\ 


Using (2.3) , we obtain 
1 


Re 


cos a 


(1 + A) 


SUJ {z) 


" _ Slf {z) 


Sl^J{z) \S^,^J{z) 


— * sm a 


> Rep {z) — 
= Rep ( 2 ;) 


2cr Rep {z) 
1 — 

1 — — 2cr 


1 — 

Since p{z) -< therefore Rep ( 2 ;) > 0. This implies that / G p, cj) (z)) 

for r < —c + \/c++T. This result is sharp for the function p (z) = □ 

Theorem 2.4. Let 0 < p < 1, k = p + {b + 2) /2 ^ 0, —1, —2, ... ,b,c^p G C. 
Then 

^k,c (A 2 , P, 0) C (Ai, p, 0), 0 < Ai < A 2 . 

Proof. Since / G (A 2 , p, 4>) , therefore we have 


hi (z) — (1 + A 2 ) 


(^) 


" , S^Jiz) 

— M 


From Theorem 2.1 for a = 0, we write 
h 2 (z) = 


S^J (z) 


S^k+Jiz) \S^,^J{z) 


-< 0(-s), z & E. 


+ f>{z). 
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Now for Ai > 0, we obtain 




Ai 




-Ai 


+ 


S^J jz) 




A 2 

Ai 




= nftj(-) + (i_n);,,(-). 

A2 A 2 

Using the convexity of the class of the functions (j){z) and Lemma 1.2, we write 

^hi{z) + (1 - ^)h 2 {z) -< (j){z), z e E, 

A 2 A 2 

This implies that / G (Ai, /r, 0). Hence the proof of the theorem is complete. 

□ 

Corollary 2.5. Let 0</i<l, k = p + {b + 2) /2 ^ 0, —1, —2 ,... ,b,c,p G C. 
Then for —1 < Hi < H 2 < H 2 < Hi < 1, 

U < A 2 , z G E. 


nL 


Proof. Let / G Nl^ (^X 2 , T, ijiff) • Then 

^ isuJp) 


" 1 S^Jjz) _ 

"S^.^Jiz) U,%i/(z) 


1 + A 2 Z 

v^Jfc+ij 1^1/ ^k+iJ \^k+iJK'^)/ I + B 2 Z 

Since —1 < Hi < H 2 < H 2 < Hi < 1 , therefore by Lemma 1.5, we have 


2 ; 


(z) — (1 + A 2 ) (— -rrr ) ~ A 2 i f\ I —ttt 
\S^k^J{z)J ^fc+i/U) \S^+J{z) 


1 + Hiz 


Theorem 2.1 implies for (j)(z) = that 

h ( \ — ( ^ ^ 1 + ^iz 

^ ^ \S^+J(z)) 1 + Biz 


Now for A 2 > Ai > 0, 

\ 1 f ^ y A f ^ 

"’.S^.^Jiz)) ^S^,^J{z) Wk+Jiz). 


Ai 


+ 


z 


= ( 1 - 
A 2 

= + (1 “ -A)h 2 {z). 

A2 A2 


" . Stf iz) 

— A 2 - 


S^+J{z)) ^S^^Jiz) V* 5 ^+i/(^). 
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Using the convexity of the function with Lemma 1.2, we write 


A2 A2 1 + Biz 


This implies that / G iV°,, ^Ai, fi, ■ 


□ 


Theorem 2.6. Let f e (A,/x, 0), 0 < /x < 1, k = p + {b +2)/2 7 ^ 
0, —1, —2,..., 6, c, p G C and A < —1. Then 


SU (z) 


Proof. Since / G (A, /x, 0), therefore we have 


^ Hz)- 


(1 + A) 


SHif H) 


" _ S^J {z) 


shJH) \SHifH 


-< Hz) 


Now consider 


S^J (z) 


shJH) \SHJiz) 


This implies that 

S^J jz) 

shJH) \s^k^JH) 


= (l + A) 


" ^ S^J (Z) 


SHifiHJ s^.^jiz) \s^,^j{z) 

M 


-(1 + A) 


SHif H) 


^ ( 1 

= l + T 


a; \suj{z) 


■^^(l + A) 


SHJ [z] 


" + A 


SHJ{z) \Sl^J{z) 


Using Theorem 2.1, Lemma 1.2 and the convexity of Hz) with A < —1, we have 
the required result. □ 

Theorem 2.7. Let f G (A, /x, h ), h{z) = 1^ + x [t+S? ' Hr Re ^ > 


0 , 


H+J (z) 


-< (cos a) (j){z) + i sin a. 


where 0 (z) = This result is the best possible. 


l+Az 
H 

Proof. Consider 


p{z) = 


COSO 


SUJ (‘) 


— I sm a 


Then p is analytic in E with p(0) = 1. Therefore, we have 


= (cos a) p{z) + i sin a. 


SHJ H) 
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Differentiating both sides, using (1.9) and simplifying, we obtain 


A (cos a) zp' (z) 
pk 


= Ae* 


SU^f [z] 


Slf {z) 

Sl^J{z) \Sl^J{z) 


It follows from above equation and (2.1) that 

. . A 


P {Z} + —zp {Z} 

pk 


cos a 


(1 + A) 


Sl+J (z) 


^ _^Slf {z) 


SUif{z) \Sl,J{z) 


i sm a 


Since / e (A,/i, h) , therefore 


A 


p (z) H- -zp' (z) -< h{z). 

jlK 

Now we choose g (z) = then 6{w) = w and (p{w) = It is clear that g (z) 

is analytic in E with g (0) = 1. Also 9[w) and (p{w) are analytic with 9{w) ^ 0. 
We see that 

pk {A — B) z 


Q{z) = zg'{z)ip{g{z)) = 


(2.4) 


A {l + Bzf 

We have to prove that Q (z) is starlike. In other words we show that Re > 0. 
From (2.4), we have 

zQ'{z) 


Re 


Qiz) 


= Re < 1 


2Bz 


1 + Bz 


= l-2BRe 


re 


iip 


1 + Bre^^ 
1 - RV 2 


[z = re®'^) 


(1 + Br cos iIj)+ B‘^r‘^ sin^ ijj 
Since —l<i?<l,r<l. This implies that Re > 0. Consider 

zh'{z) 


Re 


Q{z) 


= Re 


O'igjz)) zQ'jz) 
P{9{z)) Q{z) 


A 


zQ iz) 

= Re —;—h Re ————^ > 0. 
pk Q[z) 


□ 


Using Lemma 1.6, we have e®" ^/(z) ) (cos a) 0 {z) + zsina. The function 

0 (z) = is the best possible. 

Theorem 2.8. Let f E p, • Then for k,X eM. and ^ > 0, 

|+(1-|) + liS). B^O, 


< 


1 - 

Reje 


R = 0. 


COSO 


^^+l/ (^) 


< 


| + ( 1 -|) ,F,{l,f,f + l;-B), B^O, 
1 + B = 0. 
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Proof. Since / G (A, /i, , therefore by using (2.2) , we have 


cos a 


Re < e 




-< Re 


fik f 1 + Atz iik_ 


A / 1 + Btz 


t ^ dt. 


It follows from the dehnition of subordination that 


cos a 


Re e 




< sup Re 
hl<i 


ak f 1 + Atz Mfc 1 , 

^ / - 1 ^ '-dt 

A y 1 + Btz 


< ^ / sup Re 


A 


hl<i 


1 “h Atz I M^_i , 

-> t A dt 

1 + Btz ) 


Lxk f \ At p-k 1 , 
< ^ ^dt 

A / 1 + Bt 


pk 

T 


A/B + 




Now using Lemma 1.4 for the case R 7 ^ 0, we have 


1 


cos a 


Re < e 


51+./ w 


<1+11- 


When R = 0, it can be easily seen that 


A 

R 


1 , 


juk fik 

T’T 


+ 1; —R 


cos a 


Re e 




< 


pk 

T 


(l-|-+4t)t^^ '^dt 


We also have 
-Re e 


cos a 


SUJ{z) 


+ pk . 
1 + , , A. 

/i/c -|- A 


> inf Re 
hl<i 


uk f \ P Atz fj,k 1 

V / ^ ^ 

A y 1 -|- Rtz 


> 


A ! mf Re 

A y hi<i 


1 -|- Atz 'I fik -I 

-^ t A ‘^dt 

1 +Btz 


uk f 1 — At t^k , 

> ^ 

A / 1 - Rt 


pk 

T 


+4/R + 
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Using again Lemma 1.4, we have the required result. □ 

Theorem 2.9. Let f E (A,/i, 1^^) • Then for k,X eM. and ^ > 0, 
|+(1-|) + B ^ 0, 


1 - -fe-A, 


5 = 0. 


< 


COSO [ \SLj{z) 


i sm a 


A 

< I 


. + ( 1 - 5 ) + 1 ; 

l + ;feT 


Proof. Since / G I+if) ’ therefore by using (2.2) , we have 


COSO ( \S^^J{z) 


— * sm a > -< 


fik f ^ + Atz 


\ J 1 + Btz 


t dt. 


It follows from the definition of subordination that 


COSO ( \Sl^J{z) 


— i sm a > = 


A y 1 -|- Btw (z) 


where w (z) = ciz + C 2 z‘^ -|- ... is analytic and \w (z)| < \z\ . Therefore 


COSO i \S^^J{z) 


i sm a 


< 


uk f 1 + Atr ak, , , 

^ / - 1 dt } . 

A / 1 -|- Btr 


Now using the same process as in the theorem above, we get the required result. 

□ 
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